The role of ordinary options in facilitating the completion of securities markets is examined in the context of a model of contingent claims sufficiently general to accommodate the continuous distributions of asset pricing theory and option pricing theory. In this context, it is shown that call options written on a single security approximately span all contingent claims written on this security and that call options written on portfolios of call options on individual primitive securities approximately span all contingent claims that can be written on these primitive securities. In the case of simple options, explicit formulas are given for the approximating options and portfolios of options. These results are applied to the pricing of contingent claims by arbitrage and to irrelevance propositions in corporate finance.
The role of ordinary options in facilitating the completion of securities markets is examined in the context of a model of contingent claims sufficiently general to accommodate the continuous distributions of asset pricing theory and option pricing theory. In this context, it is shown that call options written on a single security approximately span all contingent claims written on this security and that call options written on portfolios of call options on individual primitive securities approximately span all contingent claims that can be written on these primitive securities. In the case of simple options, explicit formulas are given for the approximating options and portfolios of options. These results are applied to the pricing of contingent claims by arbitrage and to irrelevance propositions in corporate finance.
The role of complete contingent-claims markets in the optimal allocation of risk bearing is well known [Arrow (1964) and Debreu (1959) ] and is the cornerstone of the economic theory of financial markets [Mossin (1977) ]. As a consequence, it becomes important from a practical as well as a scholarly perspective to determine how complex the securities markets must be in order to achieve the allocational efficiencies of complete markets. The literature on this question has grown to be sizable. Much of this literature has been reviewed in John (1981 John ( , 1984 and Amershi (1985) .
A seminal contribution concerning the complexity of complete securities markets was made by Ross (1976) in analyzing the role of conventional options in com-pleting markets. Ross (1976, Theorem 2) showed that ordinary call (and put) options written on individual securities from a given set of primitive securities span all of what he called the simple options (contingent claims written on a single primitive security) that can be written on the primitive securities. In addition, Ross (1976, Theorem 5) showed that ordinary call and put options written on portfolios of primitive securities span all of what he called the complex options (contingent claims written jointly on any number of primitive securities) that can be written on the primitive securities.
1 Thus, ordinary call and put options written on portfolios of primitive securities span the completion of the set of primitive securities markets. If the relevant set of contingencies is represented by the events determined by the payoffs of the primitive securities, then complete markets can be achieved by trading only conventional options on portfolios of primitive securities.
The level of simplification achieved in these results with respect to the layering of derivative securities markets is remarkable. Securities markets need not be very complex at all to allocate risk in an optimal way. It is sufficient to be able to trade ordinary call and put options on portfolios of primitive securities. From a practical perspective, these results provide the foundation for proposals for and the design of index options. Options on such indexes have recently become popular and important traded securities.
Given the conceptual and practical importance of Ross's results, it is of some importance to determine the range of models of assets for which these results obtain. The nature of the question has to do with determining whether or not to anticipate additional layering of derivative securities. For example, if Ross's results are very robust, then arguments for (say) the trading of options on portfolios of derivative securities (e.g., securities such as options on futures contracts) would have to be made on grounds other than facilitating the completion of securities markets, assuming that enough options on portfolios of primitives already trade.
The proof of the crucial spanning proposition [Ross (1976, Theorem 5) ] rests on another remarkable result-the existence of an efficient fund. An efficient fund is a single portfolio of primitive securities such that ordinary options written on this portfolio alone span the completion of the primitive securities. The structure of complete securities markets can obviously be simplified further if an efficient fund exists. In his Theorem 4, Ross (1976) shows that an efficient fund does indeed exist in a model that has a finite set of states and a finite number of primitive securities.
Practically speaking, there may be some difficulties in identifying an efficient fund. These difficulties may justify the trading of options on several different indexes, but they would generally not entail additional layering of derivative securities. Indeed, in some senses efficient funds are not hard The term simple option will be used in this article to describe a much smaller and truly simple class of claims. The term complex option is not used at all. See Section 2.1 for the terminology used here. to find. In the same setting as Ross (1976) , Arditti and John (1980, Lemma 1) and John (1981, Theorems 1 and 2) show that efficient funds are generic in the sense that the set of portfolios of primitive securities that are not efficient funds is a closed set of Lebesgue measure zero in the appropriate space of portfolios. Therefore, in selecting portfolios "at random," the probability would be zero of selecting a portfolio that is not an efficient fund.
While it is possible to extend the results concerning the existence and genericity of efficient funds beyond the finite state-space setting in Ross (1976) , Arditti and John (1980), and John (1981) [see, for example, Nachman (1987) ], it is also easy to find models of securities markets for which no efficient funds exist in the usual sense. Indeed, no efficient fund exists in any model having two primitive securities that are not perfectly correlated and take on all values in an open interval.
Recently, Green and Jarrow (1987) have examined Ross's spanning results in a model with an arbitrary state space. Their result concerning the spanning of the completion of primitive securities is germane to the issue of the layering of derivative securities markets. The result is based on the insight that in this general setting one must use call options on portfolios of call options on two primitive securities in order to span the joint contingencies determined by the two securities. This leads Green and Jarrow to conclude that a finite number of layers of such options on portfolios of options is sufficient to approximately span the complex options on a finite number of primitive securities. Specifically, in their Theorem 2 they show that for a set of primitive securities for which the corresponding space of portfolios is of dimension k, the set of call options written on these portfolios, augmented by call options written on portfolios of these call options, augmented by call options written on portfolios of these call options, . . . , k -1 times, approximately spans the completion of the primitive securities.
The difficulty with this result is twofold. First, for a finite number of primitive securities, the number of layers of options on portfolios of options is roughly the same as the number of primitive securities. Complete securities markets would be quite complex, involving as many layers of derivative asset markets as independent primitive securities if the Green-Jarrow result indicates minimum requirements for completion. Second, while the result is silent about what might be sufficient for approximate spanning as the number of primitive securities grows arbitrarily large, it suggests that an infinite number of layers of derivative asset markets is required.
The objective of this article is to show that Ross's original spanning results, with perhaps one additional layer of options, continue to hold in this general state-space setting in an approximate sense that includes those senses of approximation of interest in the extant literature. This is accomplished by recognizing that the original insight of Green and Jarrow applies as well to the joint contingencies determined by any finite number of primitive securities. It follows that if one augments the set of call options on primitive securities with call options on portfolios of these call options, the resulting set of claims approximately spans the completion of the primitive securities regardless of whether this set of primitives or the space of portfolios of primitives has finite, countably infinite, or uncountably infinite dimension.
This result is Theorem 4 in this article and is its major contribution. Note that it differs from an approximate version of Ross (1976, Theorem 5) in that an additional layer of call options is inserted before portfolios are formed and call options are written on portfolios. Nevertheless, this single additional layer of derivative securities is sufficient to preserve the spanning result (i.e., to complete the securities markets).
The basic framework and definitions are presented in Section 1, together with a representation (Theorem 1) of the completion of the primitive securities in terms of contingent claims written on these securities. The sense of the relevant approximation is also discussed in Section 1. The approximate spanning results (Theorem 4 and its corollaries) are presented in Section 2. These results rest on the approximation of the payoffs of a class of claims called simple options by sequences of call options on portfolios of call options. For the case of simple options, explicit formulas for the approximating portfolios are given in Theorems 2 and 3. Applications of the spanning results to pricing by arbitrage and to corporate finance are discussed in Section 3. Concluding remarks are offered in Section 4. Proofs of all results are gathered in the Appendix.
Assets as Contingent Claims
The basic model employed here is adopted from Arditti and John (1980) , John (1981 John ( , 1984 and Ross (1976) , with the usual modifications required for going beyond finite state models. An asset is viewed as a claim to a fixed consumption good, called cash, contingent on the state of the world. Assets are traded at some initial date, and the payoff in cash for contingencies is determined at a subsequent date.
Let (Ω, F, P) denote a probability space that serves as a model of uncertainty. Here Ω is the set of possible states of the world, F is a σ− algebra of events, and P is the probability measure on F that governs the outcome of uncertainty. An asset can then be modeled by an F-measurable real-valued function, say x: Ω → R, where x(w) denotes the payoff from the asset x if the true state of the world is w ∈ Ω. Here R denotes the set of real numbers.
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If Ω is a finite set, Ω = {w 1 , . . . , w m }; and if the set of primitive securities is a finite set, {x 1 , . . . , x n }, then letting x ij = x i (w j ,), we obtain the exact setting of Ross (1976) . Here we place no restrictions on the cardinality of either Ω or the set of primitive securities.
The space of all assets is denoted by L( Ω, 4 An asset x ∈ L( F ) is said to be of limited liability, or to be a limitedliability asset, if x ≥ 0 almost surely [i.e., if P{w ∈ Ω: x(w) ≥ 0} = 1]. 5 The set of limited-liability assets is denoted by L + ( F ) (or just L + ). Every asset x is a portfolio of a long position in the limited-liability asset x + = max {x, 0} and of a short position in the limited-liability asset x -= max {-x, 0} in that x = x + -x -. In this two-date model a call option on an asset x with exercise price β ∈ R can be represented by the contingent claim (x -β)
Similarly, a put option on x with exercise price β is the contingent claim  (β -x) + . .
For an asset x, the relevant class of events is the σ− algebra generated by x, denoted by σ( x ). This is the smallest u-algebra of events in F that contains the events {w ∈ Ω:
denote the subspace of L( F ) of assets y that are measurable with respect to x [i.e., such that σ( y ) is a subset of σ( x )]. Intuitively, events in σ( x ) are determined by the payoffs of x, and assets in L( σ (x)) have payoffs that determine events that are themselves determined by the payoffs of
is what is commonly thought of as the completion of the market determined by x [see, for example, Green and Jarrow (1987, pp. 2-4) ]. In fact, L( σ (x)) is precisely the space of all contingent claims written on x. The result will be stated in a formal way shortly. First, it is useful to generalize to other subsets of L( F ). If A is a subset of L( F ), the σ− algebra of events generated by assets in A, denoted by σ( A ), is the smallest σ− algebra of events in
Again, the space L( σ (A)) is referred to as the completion of the markets determined by the assets in A, or simply as the completion of A. The following result justifies this terminology.
Theorem 1. For a subset A of L( F ), an asset y belongs to L( σ (A)) if and only if there is a sequence of assets {x 1 , x 2 , . . .} in A and a (Borel-measurable) function c: R
The term simple portfolio is used here to distinguish it from the more general concept of portfolio used in Nachman (1967) , where a portfolio may contain a denumerable number of securities, and in Harrison and Kreps (1979) , where the number of units held of each of a finite number of securities can depend on the state. 4 The model here is a frictionless one in which short positions are simply the negative of long positions. 5 The abbreviation "a.s. P" will be used to indicate that a property holds with probability 1 (where a.s. = almost surely). 6 Events such as {w ∈ Ω: x(w) > α) will be abbreviated to {x > α}.
The formula y = c(x 1 , x 2 , . . . ) is literally "writing y as a contingent claim on the assets x 1 , x 2 , . . . ." Theorem 1 says that an asset y belongs to the completion of A if and only if y can be written as a contingent claim on a finite, or at most on a denumerably infinite, subset of assets in A. This separability property is a key to generating approximating sequences of assets by writing call options. In the case where A is a finite set, it follows from Theorem 1 that the completion of A is the same as the set of "complex options" on A in the sense of Ross (1976, p. 81) . In particular, when A = {x}, then the completion of A is the space of "simple options" on x in the sense of Ross (1976, p. 81) .
In this article the relevant sense of approximation is expressed by the notion of almost sure convergence. A sequence of assets {x n : n ≥ 1} in L( F ) is said to converge almost surely to x ∈ L( F ) if P{w ∈ Ω: lim n x n (w) = x(w)} = 1. This convergence is indicated by writing lim n x n = x a.s. P. In this case, x is said to be the almost sure limit of the sequence {x n : n ≥ 1}. Thus, {x n } converges to x in this sense if for almost every state of the world w, the payoff x n (w) is close to the payoff x(w) for n sufficiently large. This notion of convergence is the one underlying the strong limit theorems in probability, such as the strong law of large numbers, the martingale convergence theorem, and ergodic theorems [Ash (1972) and Neveu (1965) ]. The results of this article can also be stated in the more familiar sense of approximation of assets in terms of their moments of various orders (such as mean and variance) when these moments exist. The approximate spanning results are given in the next section for both senses of approximation.
Options and Approximate Spanning
In this section, let A denote a nonempty set of assets, and interpret A as the set of primitive securities in the sense of Arditti and John (1980) , John (1981 John ( , 1984 and Ross (1976) . Section 2.1 introduces the notions of simple options and joint simple options and presents the approximating formulas for this class of claims. Section 2.2 presents the approximate spanning result and its corollaries.
Simple options
A simple option in the sense of Ross (1976, p. 81 ) is just a contingent claim written on a single primitive security. For purposes of this article, such a derivative asset will be referred to straightforwardly as a contingent claim on a single primitive asset. The term simple option will be reserved for a contingent claim on an asset that pays one unit of cash if the asset has a payoff above (a call) or below (a put) some specified real number called the exercise price of the simple option. A simple call option with exercise price β ∈ R on asset x pays one unit of cash if x > β and pays zero the rest of the data is understood. This space is a vector space with the formation of simple portfolios of assets, including short positions in individual assets, synonymous with the formation of finite linear combinations of elements of L( F ).
3 If A is a subset of L( F ), span (A) denotes the subspace of L( F ) consisting of all simple portfolios of assets in A. 4 An asset x ∈ L( F ) is said to be of limited liability, or to be a limitedliability asset, if x ≥ 0 almost surely [i.e., if P{w ∈ Ω: x(w) ≥ 0} = 1]. 5 The set of limited-liability assets is denoted by L + ( F ) (or just L + ). Every asset x is a portfolio of a long position in the limited-liability asset x + = max {x, 0} and of a short position in the limited-liability asset
In this two-date model a call option on an asset x with exercise price β ∈ R can be represented by the contingent claim (x -β)
Similarly, a put option on x with exercise price β is the contingent claim
Theorem 1. For a subset A of L( F ), an asset y belongs to L( σ (A)) if and only if there is a sequence of assets {x 1 , x 2 , . . .} in A and a (Borel-measurable) function c: R
Options and Approximate Spanning
In this section, let A denote a nonempty set of assets, and interpret A as the set of primitive securities in the sense of Arditti and John (1980 ), John (1981 , 1984 and Ross (1976) . Section 2.1 introduces the notions of simple options and joint simple options and presents the approximating formulas for this class of claims. Section 2.2 presents the approximate spanning result and its corollaries.
Simple options
A simple option in the sense of Ross (1976, p. 81 ) is just a contingent claim written on a single primitive security. For purposes of this article, such a derivative asset will be referred to straightforwardly as a contingent claim on a single primitive asset. The term simple option will be reserved for a contingent claim on an asset that pays one unit of cash if the asset has a payoff above (a call) or below (a put) some specified real number called the exercise price of the simple option. A simple call option with exercise price β ∈ R on asset x pays one unit of cash if x > β and pays zero if x ≤ β. Similarly, a simple put option with exercise price β on asset x pays one unit of cash if x < β and pays zero if x ≥ β.
In the interest of streamlining the exposition, all the results of this section are stated in terms of call options. Doing so requires allowing options with negative exercise prices and allowing options on assets without limited liability. Each result has a corresponding analog in terms of put options. Also, if both put and call options are used, the results still obtain with the restriction of nonnegative exercise prices imposed and/ or the restriction of options written only on assets with limited liability.
The key task in generating claims on a single primitive security is to show that simple options written on the security are limits of ordinary call (or put) options on the security. This is easy to do. For a subset B of Ω, let I B (w) = 1 if w ∈ B, and let I B (w) = 0 if w ∉ B. Then a simple call option on an asset x with exercise price β is the contingent claim I{ x > β }.
Theorem 2.
For each x ∈ L( F ), each β ∈ R, and each w ∈ Ω, Expression (1) says that the simple call option I{ x > β} is the pointwise limit of a sequence of portfolios consisting of buying m ordinary call options on x with exercise price β + n -1 and of selling m ordinary call options on x with higher exercise price β + n -1 + m -1 . Each of these portfolios is a bullish vertical spread in calls on x [Cox and Rubinstein (1985, chap. 1) ]. Approximations like that in expression (1) lie behind other approximations in the contingent claims literature, such as those in Banz and Miller (1978) ) Breeden and Litzenberger (1978) , and Green and Jarrow (1987) .
A "complex option" in the sense of Ross (1976, p. 81 ) is a contingent claim that is written (jointly) on a finite number of primitive securities. For purposes of this article, such a derivative asset will be referred to directly as a contingent claim on primitive assets. The term complex option will therefore be dropped. At the risk of further confusion, however, the (hopefully) more precise term joint simple option will be used to refer to a claim on a finite number of assets, say x 1 , . . . , x m , that pays one unit of cash if each asset has a payoff above (a call) or below (a put) a specified number called the asset's exercise price for the option. Thus, a joint simple call option on x 1 , . . . , x m with exercise prices β 1 , . . . , β m pays one unit of cash if x i > β i for every i = 1, . . . , m, and it pays zero if x i ≤ β i for any i = 1, . . . . m. These joint conditions on the assets x 1 , . . . , x m can be abbreviated by using vector notation. Write x = (x 1 , . . . , x m ) and β = (β 1 , . . . , β m ) and note that x > β means x i > β i , i = 1, . . . , m. Then the joint simple call option with exercise price vector β is the contingent claim
The difficulty in generating arbitrary contingent claims written jointly on several primitive securities occurs in trying to approximate joint conditions on two or more securities by portfolios of claims each written on only one primitive security. What is needed is an analog of formula (1), but this is not readily attainable for joint simple options. The insight of Green and Jarrow is that some joint conditions of two primitive securities can be expressed by forming a call option on a portfolio of simple call options, each written on a single primitive security. 7 Applying this insight to the case of a joint simple option yields the following formula for m = 2:
The claim on the left in formula (2) is the joint simple option assets x 1 and x 2 with exercise prices β 1 and β 2 , respectively. The claim on the right in (2) is a call option with exercise price of 1 on the portfolio consisting of one simple call option on x 1 with exercise price β 1 and one simple call option on x 2 with exercise price β 2 . Thus, formula (2) expresses a joint simple call option on two primitive securities in terms of a call option on a portfolio of simple call options on these securities. Once one verifies formula (2), the following generalization becomes obvious.
Theorem 3. For any assets x 1 ,. . .,x m , in L( F ), any real numbers β 1 ,. . .,β m , and every w ∈ Ω,
As in the case of formula (2), formula (3) expresses a joint simple option on several primitive securities as an ordinary call option (with exercise price m -1) on a portfolio consisting of one simple call option on each of the m primitive securities. A version of this formula for general joint contingencies is formula (A4) in the Appendix.
Approximate spanning
Combining formulas (3) [or (7)] and (1) permits the desired approximation that forms the basis for proving the approximate version of Ross (1976, Theorem 5) with the one additional layer of call options inserted.
Theorem 4. For each subset A of L( F ) and each asset x in L( F ), x is a contingent claim written on A if and only if x is the almost sure limit of a sequence of portfolios of call options on portfolios of call options written on individual assets in A.
It follows from Theorem 4 that call options on portfolios of call options on individual primitive securities approximately span the entire completion of the primitive securities. As indicated, the sense of the approximation is in terms of almost sure convergence. If assets are restricted to have moments of a given order, then the approximation can also be obtained in terms of these moments.
For each real number r > 0, let L r ( F ) denote the subset of L( F ) of assets with finite absolute rth moment [i.e., the assets x ∈ L( F ) such that < ∞], where E denotes expectation with respect to P. For example, for r = 2, L 2 ( F ) is the set of assets with finite mean and variance. A sequence {x n : n ≥ 1} in L r ( F ) is said to converge in rth mean [or in L r ( F )] to x ∈ In this case, x is the limit in rth mean of the sequence {x, n : n ≥ 1}, and it follows that for all k = 1, . . . . r. For the case r = 2, this convergence is the familiar convergence in quadratic mean and it implies convergence of the mean and the variance. The following corollary of Theorem 4 indicates that the approximate spanning result still holds when the sense of the approximation is in terms of convergence in rth mean.
is a contingent claim written on A if and only if x is the limit in rth mean of a sequence of portfolios of call options on portfolios of call options written on individual assets in A.
When one is concerned only with contingent claims written on individual primitive securities, as in Ross (1976, Theorem 2), a crucial step in the proof of Theorem 4 can be simplified. As a consequence of this simplification, the additional layer of call options can be eliminated. The following is the approximate version of Ross (1976, Theorem 2) , where both senses of approximation are given.
Corollary 6. For each asset x ∈ L( F ), y ∈ L( F ) is a contingent claim written on x if and only if y is the almost sure limit of a sequence of portfolios of call options written on x. For each asset x
∈ L r ( F ), y ∈ L r ( F )
is a contingent claim written on x if and only if y is the limit in rth mean of a sequence of portfolios of call options written on x.

Applications
This section discusses some applications of the approximate spanning results of Section 1. An application of Corollary 5 to the pricing of contingent claims by arbitrage is presented first. Completeness of capital markets in a sense appropriate for the irrelevance propositions of corporate finance is then discussed. The results here are very straightforward and are mentioned only in passing.
Pricing claims by arbitrage
In the exchange market setting of Harrison and Kreps (1979) and Kreps (1981) , the set A of primitive, or traded, securities is referred to as the set of marketed assets. The price of such an asset x is a real number denoted by π (x). It is assumed that trading is frictionless and hence that π is defined on and additive on A. For the sake of convenience, it will be assumed that simple portfolios of marketed assets (including short positions) are also marketed [i.e., that A = span (A)].
Then π is a linear functional on the subspace A. An arbitrage opportunity in this setting would be a nontrivial limited-liability marketed asset x for which π (x) ≤ 0: in other words, getting something (the asset x) for nothing [being paid -π (x) ]. Therefore, π satisfies the no-arbitrage condition on A if and only if π is strictly positive on A; that is, if x ∈ A ∩ L + ( F ) and if x ≠ 0 imply that π (x) > 0. The pair (A, π) is an asset market model when π satisfies the no-arbitrage condition on A.
Given an asset market model (A, π), it is natural to inquire if it is possible to infer from this model a unique price for any nonmarketed assets. This is the problem of pricing an asset by arbitrage. Formally, according to Harrison and Kreps (1979, p. 387) and Kreps (1981, p. 30) , an asset y ∉ A can be priced by arbitrage if the price functional π can be extended to a strictly positive price functional on span (A ∪ {y}) in one and only one way. Extending positive linear (price) functionals can be guaranteed under very mild boundedness conditions on prices. In contrast, unique extensions are very difficult to obtain. About the only easy way, and the only way that has been applied in a concrete asset market model, is to make sure that enough assets are priced initially, where "enough" means that the assets in question can be approximated in an appropriate sense by marketed assets.
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To apply this idea here, it is necessary to limit the class of assets to a suitable topological vector lattice. For many concrete models of asset markets-including all finite state models as well as the larger models in Chamberlain and Rothschild (1983) , Chamberlain (1983) , Green and Srivastava (1985) , Harrison and Kreps (1979) , and Kreps (1981) -it suffices to assume that for some real r ≥ 1, assets have finite absolute rth moment, which is to say that assets are elements of L r ( F ). 9 Even when A is a subspace of L r ( F ) and π is strictly positive on A, there is no guarantee that the asset market model (A, π) can serve as a model of asset market equilibrium for some population of traders with appropriately monotone, convex, and continuous preferences. It is shown in Harrison and Kreps (1979) and Kreps (1981, Theorem 1 ) that a necessary and sufficient condition for the model (A, π) to be viable in this sense is that π must be capable of being extended to all assets in L r ( F ) in such a way that the no-arbitrage condition holds for the extension. In this case, the model (A, π) is said to be viable.
One of the features of conventional options that makes trading these derivative securities desirable is given in the following statement:
8 The question of "enough" priced securities is a complex one that ultimately involves the nature of admissible time-dimensional trading strategies and the character of security price processes. These more complex issues are beyond the scope of this article [see, for example, Harrison and Kreps (1979) . Harrison and Pliska (1981) . and Kreps (1982) ]. 9 A restriction in Ross (1978, app.) requiring the space of assets to have a positive cone with nonempty interior precludes the L r spaces in models having a probability space with an atomless portion.
Assume that A is a subset of L r ( F ) and that π is such that (A, π) is a viable asset market model. If call options on portfolios of call options on marketed assets are also marketed assets, then every contingent claim [in L r ( F )] written on marketed assets can be priced by arbitrage.
In interpreting this result, it may help to imagine that securities markets expand first by the trading of call options on some set of primitive securities and then by the trading of call options on portfolios of this augmented set of securities. As long as this expansion can be done without creating any arbitrage opportunities, the resulting set of markets and prices is viable and the price of every other possible contingent claim written on primitive securities can be inferred uniquely from the prices established on these markets. It is important to add that equilibrium security prices will likely change at each stage of such an expansion scenario as new markets are opened. The prices π above, however, need not be an extension of the original equilibrium prices for primitive securities.
Completeness and corporate finance
Many of the propositions that form the foundations of the theory of corporate finance are valid in the context of complete capital markets. These propositions include the fundamental capital structure irrelevancy proposition of Modigliani and Miller (1969) as well as its corollaries on the separation of investment and financing decisions and stockholder unamity results [Baron (1976) ]. A natural question arises regarding how complete the capital markets must be to ensure spanning that is sufficient for the validity of these corporate finance results. This is not merely an academic inquiry. Corporate financial managers also have an interest in these spanning results since they provide a basis for testing the claims of investment bankers regarding value creation by issuing (perhaps innovative) securities or by merging firms. Green and Jarrow (1987, sec. IV) examine this question in the context of a model essentially identical to the one employed here. They conclude that if either a riskless asset is traded or a firm's cash flows permit issuing riskless debt, then "to span the firm's potential debt and equity claims the financial markets must be dense in the space of all measurable functions of the firm's cash flows" (1987, Theorem 4) . In short, to approximately span the debt and equity claims that a firm could possibly issue, there must be enough securities traded to approximately span any security that the firm could issue against its cash flows. A slightly stronger version of this result follows easily from Corollary 6: Capital markets approximately span every contingent claim that can be written against a firm's cash flows x in L( F ) if and only if capital markets approximately span a riskless security and the potential equity claims of the firm.
Thus, if the capital markets are sufficiently complete to approximately span a riskless security and the possible equity claims of a firm, there is little room for "creative financing" based on claims of positive net present value to this firm for issuing any exotic securities. It is little wonder that vanilla debt and standard equity claims make up the overwhelming majority of capital market instruments.
The Green-Jarrow result for a single firm leaves open the question of how complete the capital markets must be to ensure as well the validity of the proposition that pure conglomerate mergers do not affect the total market value of the constituent firms. While it may not be possible for any single firm to create value by financial alchemy, it may still be the case that two or more firms could merge and issue securities against their joint cash flows that would provide a unique distribution of cash flows across (time and) states. Investors may be able to hold any portfolio of the securities of the premerger firms, but such linear combinations do not exhaust the possible contingent claims that can be written on the joint-investmentgenerated cash flows. One such claim against joint cash flows suggested in the merger literature would take the form of project or divisional debt financing with a coinsurance feature [see, for example, Lewellen (1971) ]. This observation leads to the following result:
Capital markets approximately span every contingent claim that can be written against a set of firms' cash flows (a subset A of L( F )) if and only if they approximately span a riskless security and the potential equity claims of every possible conglomerate merger of firms. The potential equity claims of a conglomerate merger of two or more firms are approximately spanned if call options on portfolios of equity claims of the premerged firms are approximately spanned.
Conclusions
The results of this article reaffirm and amplify the role that ordinary options play in completing securities markets. They also suggest the direction in which one might expect asset markets to expand. Of course, predicting and rationalizing asset market expansion on the grounds of completing markets with the implied welfare improvements is a risky endeavor itself. While introducing a new security does make markets more complete, there are circumstances under which doing so does not result in a welfare improvement; in fact, just the opposite occurs. Nevertheless, market expansion leading to more complete markets is a major avenue by which welfare improvements can be achieved. It seems reasonable, therefore, to posit market completion as a force in asset market expansion.
In this spirit, and based on the results of this article, one cautious prediction can be made in the case where the set of contingencies is determined by the real productive investments of firms (i.e., where the primitive securities are the investment-generated cash flows of firms). This is the case treated in Section 3.2. From the discussion there it seems reasonable to infer that existing markets for the debt and equity claims of firms go a long way toward spanning or approximately spanning the contingencies determined by individual firms. The spanning properties of these markets are greatly enhanced by the presence of exchange-traded and dealer-traded options on common stock, these being like options on the underlying cash flows of unlevered firms and like compound options on the cash flows of levered firms. In the simple setting here, the latter reduce to a call option on the firm's cash flows. Thus, secondary options markets on common stock of firms help complete the markets for claims on firms' cash flows.
Where existing securities markets appear to be inadequate is in spanning contingencies determined jointly by the productive decisions of several firms. Much of the restructuring of corporations (mergers, takeovers, buybacks, leveraged buyouts, spin-offs, recapitilizations, etc.) that has taken place in the recent past and is currently under way is evidence of this inadequacy. Recent innovations in securities-in particular, index optionshave enhanced the spanning capabilities of existing markets. These capabilities can be further enhanced by the trading of options on portfolios of options. These can be of the form of options on portfolios of common stock where the common stock are viewed as call options on the underlying firm cash flows. This development would not involve any additional layers of derivative securities, but only a proliferation of indexlike options. To trade options on portfolios of secondary call and/or put options, however, would involve an additional layer of derivative securities. In light of the extent of restructuring that is going on, it seems reasonable to predict that this additional layer will be forthcoming. Such options on portfolios of options approximately span all the potential contingent claims that could result from restructuring. This should make these options popular with the investment bankers who put together the restructuring deals, sometimes with their own money, as well as with the so-called arbitrageurs who make their living trading on such restructurings.
S is a semialgebra [Neveu (1965, sec. I.6 For arbitrary B i ∈ S, i = 1, . . ., k, let B = B 1 × · · · × B k and let x = (x 1 , . . ., x k ). Abbreviate the joint event by the expression { x ∈ B }. As in formula (3) of Theorem 3, it is easily verified that Thus, the claim that pays off one unit of cash if the payoff of asset x i is in B i , for every i = 1, . . ., k, and zero otherwise can be represented as a call option with exercise price k -1 on the portfolio Using the continuity of the supremum operation and the approximation result (A3) for each it follows from (A4) that the claim is the pointwise limit of a sequence of call options on portfolios of call options on the individual assets x 1 , . . . , x k .
The events { x ∈ B }, for B ∈ S k , form a semialgebra that we denote by S k . Let A (S k ) denote the algebra generated by S k , and let A(S k ) denote the algebra of subsets of Ω generated by S k . Then an event belongs to A(S k ) if and only if it is of the form { x ∈ B } for some B ∈ A(S k ). The algebra A(S k ) consists of finite disjoint unions of elements of S k [Neveu (1965, Proposition I.6 .1)]; hence, indicator functions of elements of A(S k ) are portfolios of indicator functions of elements of S k . It follows that portfolios of call options on portfolios of call options written on individual assets in A' are pointwise dense in the space of indicator functions of elements of A(S k ). The algebra A(S k ) generates the u-algebra σ (A'). This algebra is therefore dense in σ (A') in terms of the symmetric difference pseudometric formed by the probability measure P restricted to σ (A') [Ash (1972, Theorem 1.3.11) ]. In terms of indicator functions, convergence in this pseudometric is convergence in mean. This convergence implies almost sure convergence of a subsequence [Ash (1972, Theorems 2.5 .1 and 2.5.3)]. Also, since indicator functions are uniformly bounded by a constant, they are uniformly integra-ble [Neveu (1965, Proposition II.5 .1)]. Thus, pointwise convergence or almost sure convergence implies convergence in mean [Ash (1972, Corollary 7.5.5) ]. Since portfolios of call options on portfolios of call options on individual assets of A' are pointwise dense in the space of indicator functions of elements of A(S k ), they are also dense in the space of indicator functions of elements of σ (A') in the sense of bounded almost sure convergence. This concludes the first part of the proof of the "only if" part.
Suppose now that A' = {x 1 , x 2 . . . .} is a denumerably infinite subset of assets in A, and let A' k = {x 1 , . . , x k } for k a positive integer. The collection of events is an algebra that generates the σ− algebra σ (A'). Again by Ash (1972, Theorem 1.3.11) , this algebra is dense in σ (A') in the symmetric difference pseudometric formed from P restricted to σ (A'). As argued above, then, indicator functions of elements of are dense (in the sense of bounded almost sure convergence) in the space of indicator functions of elements of σ (A'). Since portfolios of call options on portfolios of call options on individual assets in A' k are dense (in the same sense) in the space of indicator functions of elements of σ (A' k ), such portfolios of call options on portfolios of call options on individual assets in A' are dense in the space of indicator functions of elements of σ (A' k ). This concludes the second part of the proof on the "only if" part of the theorem.
Finally, let y be a σ (A) -measurable asset. By Theorem 1, y can be represented as a contingent claim written on some countable subset A' = {x 1 , x 2 , . . .} of A. This means that y is σ (A') -measurable and hence that y + and y -are σ (A') -measurable limited-liability assets. It follows from well-known approximation theorems [such as Ash's (1972) Theorem 1.5.5] that y + is the pointwise limit of an increasing sequence of limited-liability portfolios of indicator functions of elements of σ (A'), and similarly for y -. Every portfolio in these approximating sequences is also the limit (in the sense of bounded almost sure convergence) of a sequence of portfolios of call options on portfolios of call options on individual assets in A'. Since y = y + -y -, y is the limit (in the sense of bounded almost sure convergence) of a sequence of portfolios of call options on portfolios of call options on individual assets in A'. This concludes the proof.
Proof of Corollary 5
The "if" part follows from the fact that convergence in rth mean implies convergence in measure [Ash (1972, Theorem 2.5 .1)]. For the "only if" part, note that for any r > 0, the indicator functions of elements of F belong to L r ( F ). It follows that the approximating portfolios in the third part of the proof of the "only if"' part of Theorem 4 (these are simple functions) also belong to L r ( F ) if the original assets do. The convergence there is bounded almost sure convergence. It follows from Neveu (1965, Proposition II.5 .1) and Ash (1972, Theorems 2.5.5 and 7.5.4 ) that this bounded almost sure convergence implies convergence in L r .
